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Abstract
In this manuscript, we consider the case where a Brownian particle is subject to a static periodic
potential and is driven by a constant force. We derive analytic formulas for the average velocity
and the effective diffusion.
Mathematical formulation
We consider the one-dimensional stochastic motion of a particle subject to a periodic potential
and a constant driving force. In particular, we are interested in the effective diffusion coefficient
of the particle, and how the periodic potential and the driving force affect the effective diffusion
coefficient.
The probability density of the particle is governed by the Fokker-Planck equation:
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where ρ x t,( ) is the probability density that the particle is at position x at time t, D is the diffusion
constant of the particle, φ x( )  is the periodic potential with period = L, f is the constant driving
force, kB is the Boltzmann constant, and T is the absolute temperature.
The probability density ρ x t,( ) satisfies the normalizing condition
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The effective diffusion coefficient
The mean and the variance of the particle position at time t are
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It can be shown that for large t, both the mean and the variance increase approximately linearly.
The average velocity and the effective diffusion coefficient of the particle are defined as
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The effective drag coefficient can be defined as
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Below we give the formulas for the average velocity and effective diffusion. The detailed
derivations are given in Appendices B, C and D.
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The average velocity V, the effective diffusion Deff, and the effective drag coefficient ζeff are
given by (see Appendices B, C and D for derivations)
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4Results and discussion
Below we discuss the behaviors of effective diffusion and effective drag coefficient for several
cases (the detailed derivation is in Appendix E).
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approximately satisfied.
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Appendix A
In this appendix, we derive equations (4) and (5):
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Appendix B
In this appendix, we derive the results for ρ0 x t,( ) :
• ρ0 x t,( ) converges to a steady state u x0( ) given by
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Let u x0( ) be the steady state solution of (6). u x0( ) satisfies
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Appendix C
In this appendix, we derive the results for ρ1 x t,( ):
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This shows that ρ1 x t,( ) does not converge to a steady state.
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Appendix D
In this appendix, we derive the effective diffusion.
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Appendix E
In this appendix, we derive the asymptotic behaviors of the effective diffusion and the effective
drag coefficient for several cases
Case A: f is small
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Case B: f is large
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